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Abstract—A graded-mesh finite-difference time-domain
(FDTD) code, together with an alternate-direction-implicit finite-
difference (ADI-FD) solution of the bioheat equation, are used
for studying arrays of sleeved-slot antennas imbedded in a
brain-equivalent phantom. The FDTD code allows efficient and
accurate modeling of the fine structure of each antenna and of a
sufficiently wide surrounding region. The ADI-FD solution of the
bioheat equation allows evaluation of transient and steady-state
temperature distributions in the brain-equivalent phantom with
acceptable computational costs. The solution of the dosimetric-
thermal problem in the volume irradiated by the antenna array
permits the assessment of dimensions of the region where the
temperature increase is above 43 C (the threshold for an effective
hyperthermia treatment) as a function of the array input power.
Arrays made of three identical antennas placed at the vertices
of equilateral triangles of 10-, 15-, and 20-mm sides have been
studied. The temperature of 43 C is reached in approximately 3
min in a deep-seated tumor region, from 10 to 40 mm in diameter,
by applying input power levels between 2–32 W.

Index Terms—Alternate-direction-implicit (ADI) methods,
bioheat equation, catheter antenna, finite-difference time-domain
(FDTD) methods, microwave hyperthermia, power density
distribution, sleeved-slot antenna, temperature distribution,
2450-MHz antenna.

I. INTRODUCTION

M ICROWAVE interstitial techniques are used to produce
localized deposition of electromagnetic (EM) energy in

hyperthermia treatments for a variety of tumor sizes and sites.
These techniques are generally used in conjunction with radio-
therapy and chemotherapy since the ability of ionizing radia-
tion to kill the tumor cell, and the antitumor action of drugs,
are enhanced by hyperthermia [1]–[6]. For example, a typical
combined brachytherapy-hyperthermia treatment consists of a
hyperthermia session followed by interstitial radiotherapy and
by a further hyperthermia application. It is worth noting that, in
this combined therapy, the antennas can be inserted in the tumor
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tissue by using the same catheters prepared for the insertion of
radioactive seeds.

In hyperthermia applications, the catheter antennas must pro-
vide efficient power delivery, good impedance matching at the
frequency of operation, and a uniform specific absorption rate
(SAR) distribution in the tumor region. However, if the region
to be treated is large compared to the field penetration depth,
the required SAR uniformity cannot be achieved with a single
antenna, and the use of antenna arrays becomes necessary. The
final goal of microwave therapy in the case of brain tumors is
to produce temperatures in excess of 43 C in the target tissue
in order to guarantee the destruction of the tumor cells, while
maintaining the temperature in the healthy tissues below 42 C
to avoid thermal damages.

The behavior of a center-driven dipole imbedded in a lossy
medium has been studied in [7] and equations for the input
impedance and for the electric field in the medium were derived.
This theory has been used in [8] to investigate the effect of the
dipole arm length on power deposition characteristics, showing
that, for all the considered lengths, the SAR is sine shaped with
the maximum occurring near the junction between the two arms,
regardless of the insertion depth. The ability of multisection an-
tennas in producing more uniform power distributions in the
tissue has been demonstrated in [9]. These antennas are partic-
ularly suitable to treat superficial tumors that require a uniform
power deposition along the antenna up to the skin surface. For
deep-seated tumors, an applicator able to focalize the power in
a region surrounding the distal end of the antenna and to prevent
power flux along the feeding cable is instead necessary. To this
end, sleeved-slot or cap-choke antennas, designed and studied
for operation at 2450 and 915 MHz [10], [11], seem to be good
candidates.

In order to increase the region of uniform SAR deposition,
arrays of antennas have been studied both experimentally
[12]–[14], by measuring the rate of temperature change caused
by the radiated power, and theoretically, using approximate
numerical procedures [12], [14], [15]. In particular, the ap-
proximate solution in [12] and [14] was based on the theory
presented in [7], while a mixed semi-analytical/finite-difference
time-domain (FDTD) approach was used in [15].

For an evaluation of the effectiveness of the microwave ap-
plicators, the dosimetric analysis must be integrated with the
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thermal one to asses the region where the temperature is above
the threshold for tumor-cell destruction and to estimate the re-
quired input power. Temperature distributions, produced by in-
terstitial antennas in tumor tissues, have been experimentally
evaluated by using microwave radiometry [14]. This approach
allows the use of the same array both for irradiating the tissue
and for reconstructing the induced heating patterns through ra-
diometric measurements. Temperature distributions have been
also computed by using explicit solutions of the bioheat equa-
tion [16], [17]. These solutions are accurate, but in the presence
of conductors, and fine-resolution computational volumes, re-
quire small time steps to be stable and, hence, very long com-
putation times to reach steady state. The time-step constraint is
not present in implicit solutions [18], but they require the inver-
sion of a sparse matrix with huge computational costs when the
domain dimensions increase. This problem can be overcome by
using an alternate-direction-implicit (ADI) approach that con-
fines the problem solution to the inversion of three tri-diagonal
matrices that can be performed very efficiently. However, in the
past, ADI approaches have been used only for studying two-di-
mensional interstitial antenna arrays [19].

In this paper, a graded-mesh FDTD code, together with a
three-dimensional (3-D) alternate-direction-implicit finite-dif-
ference (ADI-FD) solution of the bioheat equation, are used to
study arrays of sleeved-slot antennas imbedded in a brain-equiv-
alent phantom. The FDTD code allows the consideration of the
antenna fine structure and of the mutual interaction among an-
tennas. The ADI-FD solution of the bioheat equation allows
the evaluation of transient and steady-state temperature distri-
butions with a fine resolution in a brain-equivalent phantom.

II. NUMERICAL SOLUTION OF THE EM PROBLEM

A previously developed 3-D graded-mesh FDTD code [20]
has been improved in order to deal with multiple fine regions. In
this manner, both a single and an array of sleeved-slot antennas
have been studied. In the implemented code, the graded mesh
is generated along the three Cartesian directions independently.
Considering a given axis, a small spatial step is used in the re-
gion where the antenna is located. Starting from this region, the
spatial step is multiplied successively by a constant factor (geo-
metric series) up to the largest spatial step. This procedure is
repeated wherever an antenna is located. In the present study,
the fine-region cells are 0.06 0.06 0.12 mm wide while the
largest cell size employed is 0.6 0.6 0.6 mm. In this way,
the real array geometry is modeled with an adequate number of
computational cells, but with limited memory occupation.

The considered sleeved-slot antenna was proposed in [10] for
operation at 2450 MHz. The antenna is mounted on a UT-34
coaxial cable that is used for power delivery to the antenna.
In Fig. 1(a), a longitudinal section of the antenna is depicted,
while Fig. 1(b) reports a horizontal section in correspondence
with the plane of Fig. 1(a). Since for the proposed stair-
case structure of the coaxial cable the field distribution for the
TEM mode is not analytically available, it was obtained with a
two-dimensional finite-difference solution of the Laplace equa-
tion [21]. This distribution was then used as the spatial excita-
tion at the section of Fig. 1(a) for each antenna, imposing

Fig. 1. (a) Longitudinal and (b) horizontal sections of the sleeved-slot antenna.

Fig. 2. Geometry of the triangular array in the 60�60�50 mm phantom box.

a Gaussian-modulated sine-wave time behavior. This time be-
havior allows the study of the structure on a wide frequency
range with a single FDTD run. Simulations are interrupted when
the total energy in the studied domain is reduced by 30 dB, with
reference to its maximum value. At this time, the antenna radi-
ation impedances are evaluated as the ratio between the Fourier
transforms of the voltage and the current at the feeds [ sec-
tion in Fig. 1(a)].

The radiating structure was assumed to be inserted in a brain-
tissue phantom ( S/m, ) of dimension
60 60 50 mm. The truncation of the computational do-
main was performed by using the uniaxial perfectly matched
layer (UPML) absorbing boundary condition [22], [23]. Both a
single antenna and triangular arrays have been studied by using
the graded-mesh FDTD code. In particular, the triangular arrays
were formed by locating the antennas at the vertices of three
equilateral triangles whose sides are 10, 15, and 20 mm, respec-
tively (Fig. 2).
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Once the EM problem was solved by using the graded-mesh
FDTD code with the Gaussian-modulated sine-wave excitation,
the amplitude of each field component at 2450 MHz was ob-
tained through a discrete Fourier transform of the time-domain
field behaviors. Afterward, the SAR values at each cell
were evaluated as

(1)

where and are the conductivity and density
of cell and the amplitude of each field component was
evaluated at the cell center as the average of the corresponding
four field components placed at the cell edges.

It must be noted that, due to the graded mesh, the SAR values
obtained refer to cells having different volumes and, in order for
them to be used as input for the solution of the thermal problem,
they have been uniformly sampled with a spatial step of 0.3 mm.
This has been performed first dividing each cell into sub-cells
of sides 0.06 0.06 0.06 mm and then recombining 5 5 5
of these sub-cells into the final ones of sides 0.3 0.3 0.3 mm.
These larger cells have been assigned a SAR value obtained by
dividing the total power absorbed in the 125 sub-cells by the
total mass.

III. NUMERICAL SOLUTION OF THE THERMAL PROBLEM

The temperature distribution inside the brain-
equivalent material has been obtained by using the bioheat equa-
tion (BHE) [24]

(2)

The four terms on the left-hand side of (2) represent the
heat transfer through internal conduction ( W m C
is the tissue thermal conductivity), metabolic heat production

W m , EM power deposition W m , and the
heat exchange mechanism due to capillary blood perfusion
proportional to the difference between blood and tissue temper-
ature through parameter W m C linearly
depending on blood flow. These terms are equated with the
temperature increase (or decrease) per unit time multiplied by
the thermal capacitance of 1 m of tissue (right-hand side). The
thermal capacitance is given by the product between the tissue
specific heat J kg C and density kg m .

The BHE must be solved with an appropriate boundary
condition, capable of modeling the heat exchange between
the phantom under study and the external environment. This
boundary condition can be obtained by imposing the continuity
of the heat flow perpendicular to the surface of the phantom,
and can be expressed as [25]

(3)

where is the phantom surface, and is the outward unit
vector normal to . The term on the right-hand side of (3)
models heat losses due to convection and radiation, proportional
to the difference between temperature of the phantom surface

and external temperature through the parameter
W m C .

To obtain a finite-difference formulation of the BHE (2), the
body under consideration is divided into cubic cells of side ,
and the temperature is evaluated in a grid of points defined at
the centers of the cells. Temperatures are computed at equally
spaced time instants with a time step equal to . In the fol-
lowing, the expression will be used to identify the
temperature computed at time in the center of the cell

.
The space derivatives of the BHE are of the second order and,

therefore, a central-differencing scheme can be adopted for their
approximation. The time derivative, instead, is of the first order
and, therefore, either forward or backward differencing has to be
used, resulting in explicit and implicit finite-difference schemes,
respectively. In the implicit scheme, the temperature at a given
point at the time depends on temperatures in neigh-
boring points at the same time step. The implicit method, there-
fore, generally requires, for the computation of the temperature
at a given time instant, the inversion of an matrix, where

is the number of cells. This kind of procedure can result in
huge computational costs. However, it has the great advantage of
being unconditionally stable and, therefore, of allowing the use
of arbitrarily large time steps (as opposed to explicit methods,
which have a stability constraint).

The ADI-FD formulation adopted in this study is based on
the observation that if the implicit formulation is applied to
a mono-dimensional thermal problem, the resulting matrix is
tri-diagonal and, therefore, the matrix inversion is computa-
tionally very efficient. Moreover, for mono-dimensional prob-
lems, an increased accuracy of the finite-difference solution
can be obtained by computing temperatures at the time in-
stant , which corresponds to also using a cen-
tral- difference scheme for the time derivative. The resulting
scheme, known as the Crank–Nicolson (C–N) scheme [26],
is still implicit and unconditionally stable. The ADI technique,
originally developed by Peaceman and Rachford [27] and Dou-
glas [28], is based on a reduction of the 3-D problem to a
sequence of mono-dimensional C–N problems, which, as ob-
served above, can be solved very efficiently. The procedure
consists of using a sequence of approximate solutions of the
equation ( , , ) with the third
solution being finally used as the best approximation for the
temperature at the next time step . The first ap-
proximate solution is obtained using a C–N approach for the
time and space derivatives along the -axis, while backward
differencing is used for the - and -axes. The second approx-
imate solution is then obtained extending the C–N approach
to the -axis, but using the first-step approximation for the

-axis derivative. Finally, the last approximate solution is de-
rived using the C–N approach on the -axis, while maintaining
the first- and second-step approximations for the - and -axis
derivatives, respectively.
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Application of the ADI approach to the BHE yields the
following set of tri-diagonal finite-difference equations for the
three sub-steps:

(4a)

(4b)

(4c)

where

the expressions for , ,
, , and can

be directly derived from the definition of

Fig. 3. Local SAR distribution for 1.0 W of radiated power in a vertical plane
passing through the antenna axis.

In particular, the expressions for the coefficients
take into account the effect of thermal nonhomogeneities in
the phantom. In fact, if and are the thermal conduc-
tivities of two neighboring cells, heat flows through the series
connection of two thermal conductances, equal to
and , respectively. Therefore, heat flow from the
center of the first cell to the center of the second, through the
boundary face, can be supposed to occur through an overall
thermal conductance equal to .

In case of boundary cells, with one or more faces affected
by convective heat exchange with the external environment, a
set of equations similar to (4) is used to take into account the
boundary condition (3). These equations can be easily obtained
introducing a fictitious external node used for the computation
of the thermal gradient on the boundary surface.

IV. RESULTS

SAR and temperature increment distributions of both a single
antenna and an array of sleeved-slot antennas have been studied
in order to assess their capability in heating tumor regions of
varying dimensions.

For the single sleeved-slot antenna, imbedded in the brain-
equivalent phantom, the computed radiation impedance results
in a magnitude of the reflection coefficient at 2.45 GHz equal
to 0.48 [29]. Fig. 3 shows, in logarithmic scale, the SAR dis-
tribution, obtained using the graded-mesh FDTD code, for a
single sleeved-slot antenna radiating a power of 1.0 W inside
a brain-equivalent phantom. The SAR distribution, referring to
a vertical plane passing through the antenna axis, reveals, very
close to the antenna surface, two regions of high SAR just above
and below the first slot, placed 4 mm from the antenna tip. At
increasing radial distances from the antenna surface, a pear-
shaped behavior can be observed.

The computed SAR has then been used as the heating source,
and the thermal problem has been solved by using the ADI so-
lution of the bioheat equation. As the aim of the simulations
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Fig. 4. Time behavior of the temperature increase. The results obtained by
using ADI and explicit solutions are compared.

was only to obtain temperature increments and not the ab-
solute temperature values, the metabolic heat production has
been neglected, and blood and external temperature have been
assumed equal to 0 C. In this way, the initial temperature is
uniform and equal to 0 C and, thanks to the BHE linearity,
the steady-state value obtained after the microwave exposure
is directly equal to the temperature increment. An adiabatic
boundary condition W m C has been assumed
on the surface of the antennas, while a high convection co-
efficient W m C has been assumed on the
external phantom surface. The first condition derives from
the assumption of a perfectly insulating catheter, while the
second one is roughly equivalent to fixing the external sur-
face temperature to 0 C since it is known that the temper-
ature decays at increasing radial distances. Similar boundary
conditions have been used in [17] and [19]. As concerns the
brain-tissue thermal characteristics, the following values have
been assumed: kg m , J kg C ,

W m C , W m C [30].
Fig. 4 shows, for a radiated power of 1.0 W, the time be-

havior of the temperature in a point placed at a radial distance
of 3 mm from the antenna axis at the level of the first slot.
The temperature reaches steady state following an exponential
behavior with a time constant of approximately 60 s. Also in
Fig. 4, the time behavior, obtained by using an explicit solution
of the bioheat equation, previously developed by Bernardi et
al. [30], is also reported. This figure shows a good agreement
between the two formulations. Since the explicit formulation
has been widely tested [30]–[32], this result validates the im-
plemented ADI formulation.

It is noteworthy that the temporal step used in the ADI
formulation is 10 s, while the stability criterion of the explicit
formulation imposes a time step of 87.6 ms, which is approx-
imately 100 times lower. Since the computer time necessary
for computing a time step on a workstation equipped with a
2-GHz Pentium IV Xeon processor is approximately 1.6 s for

Fig. 5. Temperature distribution in the same plane of Fig. 3 for 1.0 W of
radiated power.

the explicit formulation and 8 s for the ADI one, the overall
time saving of the ADI can be quantified in a factor of ap-
proximately 20.

Fig. 5 shows the temperature distribution for 1.0 W of
radiated power on the same plane of Fig. 3. Contour lines
at C C and C are drawn in this figure. In
particular, the contour line at C encloses the region
where the hyperthermia therapy is effective. The enclosed re-
gion is located around the antenna tip and, for the considered
radiated power, this domain has maximum radial and longitu-
dinal dimensions of approximately 6 and 12 mm, respectively.
If the input power is increased to 2.0 W, the maximum di-
mensions of the therapeutic region increase to approximately
10 20 mm.

After considering the single antenna, arrays made of three
identical antennas placed at the vertices of equilateral triangles
of 10-, 15-, and 20-mm sides, respectively, have been studied.
The ratio between the magnitude of reflected and incident
waves, evaluated at the excitation section when all the three
antennas are equally fed, is the same for the three antennas
of each array, and is equal to 0.55, 0.52, and 0.48 for the 10-,
15-, and 20-mm cases, respectively [29]. These results show
that increasing the distance among the antennas, the radiation
impedance of each antenna of the array approaches the one of
the single antenna.

Fig. 6(a)–(c) shows, for the three array configurations, the
SAR contour plot over a horizontal section passing through
the first antenna slot for a total radiated power of 1.0 W. This
figure shows that the power deposition is mainly concentrated
in the region among the antennas. The shape of the high ab-
sorption region is strongly dependent on the antenna spacing,
while a fast decay is always evident in the array external re-
gion [29].

In order to provide some clinical indications about the op-
timal geometry and input power for achieving an efficient tumor
heating, in this paper, the three considered array geometries have
also been studied from the thermal point-of-view by varying the
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Fig. 6. SAR contour plot on a horizontal plane passing through the antenna slot for 1.0 W of radiated power and for: (a) 10-, (b) 15-, and (c) 20-mm array spacing.
Contour levels are in watts per kilogram.

Fig. 7. Contour plot at �T = 6 C on a horizontal plane passing through the antenna slot for various radiated powers and for: (a) 10-, (b) 15-, and (c) 20-mm
array spacing.

Fig. 8. Contour plot at �T = 6 C: (a) on a horizontal plane passing through the antenna slot and (b) on a xz-vertical plane passing through the array center for
different blood-perfusion values and for 8 W of input power, 15-mm array spacing.
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input power. Fig. 7 shows the C contour line on a hor-
izontal plane passing through the antenna slot for various input
powers for the three considered array spacings. For each array
spacing, there is a minimum input power below which the re-
gion above 43 C is actually constituted by three regions around
the three antennas. Once this power is exceeded, a simply con-
nected domain is obtained. Moreover, the reported analysis ev-
idences that, supposing a quasi-spherical tumor shape, for each
tumor radius there is an optimal choice of the array spacing and
input power. Finally, it can be observed that, for a tumor radius
exceeding 20 mm, arrays made of more than three antennas be-
come necessary.

It is well known that blood flow in the necrotic core of
tumor tissues is remarkably low compared to normal tissue.
Moreover, the rate of blood flow in normal tissue increases
during hyperthermia. The effect of these variations has been
investigated for the 15-mm spacing array by varying the
parameter in (2) from 5% to 200% of the nominal value. The
15-mm array spacing has been chosen since, as reported in
[13] and [29], it produces the most uniform SAR distribution
inside the array. The C contour lines in a hori-
zontal plane passing through the first antenna slot and in the
vertical -plane passing through the array center are shown
in Fig. 8(a) and (b), respectively. The curves are plotted for
different values and for a fixed input power of 8 W. This
figure demonstrates that the heat removal mechanism becomes
less efficient as the blood flow is decreased. As a consequence,
the effective region of hyperthermia therapy is enlarged. On
the basis of this analysis, the reduced blood flow in the necrotic
core and the blood flow increase in normal tissue are an aid
to the hyperthermic therapy. In fact, the necrotic core region
can be heated over 43 C with less power and, in the external
tumor region, the temperature decays quickly to 37 C.

V. CONCLUSIONS

In this paper, a graded-mesh FDTD computer code, to-
gether with a 3-D ADI-FD solution of the bioheat equation,
have been used to study both single antennas and arrays of
miniature sleeved-slot antennas imbedded in a brain-equivalent
phantom. The ability of these sleeved-slot antennas in heating
deep-seated tumors without damaging superficial tissues
has been demonstrated. Due to the high rate of brain blood
perfusion, the heating is very fast, reaching a steady state in
approximately 3 min. Our results indicate that deep-seated
tumors, from 10 to 40 mm in diameter, can be treated by using
equilateral triangular arrays of 10-, 15-, and 20-mm spacing for
input powers that range from 2 to 32 W. Also, the results show
that by taking into consideration a 50% reduction in blood
perfusion rate—typical in the core of large tumors—the region
where temperature is above 43 C enlarges for a given input
power of approximately 40%.
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